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The asymptotic properties of the Bianchi type Il cosmological model in the brane-world scenario are
investigated. The matter content is assumed to be a combination of a perfect fluid and a minimally coupled
scalar field that is restricted to the brane. The isotropic brane-world solution is determined to represent the
initial singularity in all brane-world cosmologies. Additionally, it is shown that it is the kinetic energy of the
scalar field which dominates the initial dynamics in these brane-world cosmologies. It is important to note that
the dynamics of these brane-world cosmologies is not necessarily asymptotic to general relativistic cosmolo-
gies to the future in the case of a zero four-dimensional cosmological constant.
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[. INTRODUCTION General relativistic cosmological models containing both
a perfect fluid and a scalar field having an exponential po-

It is theorized that Einstein’s general relativity breakstential have been previously studi¢d0—22. One of the
down at sufficiently high energies. Therefore, general relaexact solutions found in these models is a spatially flat iso-
tivity may not be the most appropriate choice for a gravita-tropic model with the property that the energy density of the
tional theory in the very early universe. Developments inscalar field is proportional to the energy density of the per-
string theory suggest that gravity may truly be a higher di-fect fluid, and consequently are labeled scaling cosmologies
mensional theory, becoming an effective 4-dimensionalSee[23,24 and references thergirit was found in[20—22
theory at lower energies. Some researchers have suggestg@t these cosmological scaling solutions are in general not
an alternative scenario in which the matter fields are restable, and hence do not represent typical late-time behavior.
stricted to a 3-dimensional brane-world embedded #31  However, during the evolution of one of these cosmological
+d dimensions(the bulk, while the gravitational field is models containing both a perfect fluid and a scalar field hav-
free to propagate in the extra dimension$l—8]. This new ing an exponential potential, these scaling solutions may play
scenario for the gravitational field will have significant im- an important role in the intermediate or transient behavior of
plications for cosmology. these cosmologies, since the scalar field and the perfect fluid

The dynamical equations on the 4-dimensional branere non-negligible in a neighborhood of the scaling solution.
world differ from the field equations of general relativity, In particular, in these models a significant portion of the
since there exist additional terms that carry nonlocal gravitacurrent energy density of the Universe could be contained in
tional effects from the bulk onto the brane. These additionathe scalar field whose dynamical effects mimic those of cold
terms are quadratic in nature and reduce to the regular Eirdark matter.
stein field equations of general relativity for late times. How-  In general relativistic cosmological models, the Bianchi
ever, for early times, these quadratic terms will play a verytype Il model plays an important role in the past asymptotic
critical role in the evolutionary dynamics of these brane-behavior of the Bianchi type IX models. Recently, Coley
world models. [16] has argued that the Bianchi type IX model has an iso-

A lot of effort has been directed at the so-called perfecttropic singularity in the brane-world scenario. This indicates
fluid Friedmann brane-world model8—13]. More recently, that the Bianchi type Il model in the brane-world scenario
people have begun to investigate anisotropic brane-worlthay also have a behavior that is different than in the general
models[12-17, trying to determine the effects of the bulk relativistic case. In this paper, we shall assume that the brane
gravitational field. People have also begun to look at theworld is a spatially homogeneous Bianchi type Il model con-
effect of scalar fields in the Friedmann brane wgd8]. Itis  taining both a scalar field and a perfect fluid. Consequently,
known in general relativity that only sets of measure zero irdue to the additional terms that carry nonlocal gravitational
the set of all spatially homogeneous modgiatisfying a set effects from the bulk onto the brane, new evolutionary be-
of reasonable energy conditionaill isotropize[19]. Itis not  haviors in the cosmologies are expected. In particular, with a
yet clear whether this result holds for spatially homogeneousombination of a perfect fluid and a scalar field, due to the

brane-world models as well. guadratic nature of the nonlocal gravitational effects, a wide
variety of new and exotic asymptotic and transient behaviors
are possible.
*Electronic address: rvandenh@stfx.ca Maartens[25] and Shiromizoet al. [26,27] have devel-
"Electronic address: wtpibmej@Ig.ehu.es oped an elegant covariant approach to the bulk effects on the
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brane. The equations derived by Maartens are an extensiamth M, being the four-dimensional Planck mass, ahds

of earlier work by Ellis and MacCalluri28] that has been the effective four-dimensional cosmological constant on the

subsequently developed more recently in the book by Wainbrane. It is common to assume that the effective cosmologi-

wright and Ellis[29]. Using the formalism developed by cal constantA, on the brane is zero through fine tuning of

Maartens and Wainwright and Ellis, we propose to investithe brane tensioih. However, we shall assume for the mo-

gate the dynamical behavior in a wider class of anisotropianent that it is nonzero.

models than what has been previously analyzed. We will assume that the source teriy,, (restricted to the
The resulting field equations will yield a system of ordi- brane is a noninteracting mixture of ordinary matter having

nary differential equations, suitable for a geometric analysignergy densityp, and a minimally coupled scalar field,

using dynamical systems techniques. This analysis will dethat is

termine whether the dynamics of the brane-world scenario _ )

mimics the dynamics of a general relativistic cosmology or T,p=Therfect fluidy  scalar field (2.9

at the very least, is asymptotic to a general relativistic cos-

mology. One would be interested in both the edrigture of ~ We will assume that the matter component is equivalent to a

the initial singularity and late time behaviofi.e., whether ~comoving perfect fluid with 4-velocity® and a linear baro-

these models approach the general relativistic regime aniopic equation of state=(y—1)p. Energy conditions im-

isotropize. pose the restrictionp=0 and causality requires thay
With regards to notation, quantities having a tilde are ob-€[0,2]. We will assume that the potential for the scalar field

jects found in the five dimensional bulk while nontilde quan-has an exponential form, that is\V(¢)=V.e ¢

tities are objects restricted to the four dimensional brane=Vye(®7Mpk¢ The energy-momentum tensors restricted

world. The upper case Latin subscrip#,B,C, ...) range to the brane for a perfect fluid and a minimally-coupled sca-

from 0-4, the lower case latin subscriptd,c, ...) range lar field are

from 0—3 and the greek subscripts,(3,y, . . . ) range from erfect fluid
1-3. Tapb ZpUan+ phabv (24)

IIl. GOVERNING EQUATIONS Taica'af field_ ¢;a¢;b—gab(%¢;c¢?°+V( d))),
The popular brane-world scenario assumes the existence (2.5
of a domain wall,M (a 3-brang with induced metricgag
=0ag—NaNg in a five dimensional spacetinié with metric ~ Where the projection tenson,,=g,,+UaUp projects or-
Tas Wheren® is the spacelike unit vector normal . In a thogonal tou?. We note that if¢’ 2 is timelike, then a scalar

neighborhood of the brane, one can choose coordindtes field with potentialV(¢) is equivalent to a perfect fluid hav-

~ ing an energy density and isotropic pressure
=(x? x) such thatny=x o where x=0 coincides with the g 9 y pic P
brane. Thex® are the spacetime coordinates on the bilsine ) 1 .
The five dimensional field equations are Einstein’s equations pscalar field— §¢;c¢’°+V(¢), (2.6)
with a bulk cosmological constant, and a brane energy-
momentum sourcé& pg, 1
scalar field— _ Z » pic_
o p 50— V(). @7
Gag= k[ —Agast S(X){Ngast Tas}]
The bulk corrections to the Einstein equations on the

where k?=8x/M 2, with M, being the five-dimensional brane are of two forms: first, the matter fields contribute

p

Planck mass ana is the brane tension. local quadratic energy-momentum corrections via the tensor
The field equations induced on the brane have been des,,, and secondly, there are nonlocal effects from the free
rived using a geometric approach by Shirometal. [25—  gravitational field in the bulk. The local matter corrections

27], using the Gauss-Codazzi equations, Israel’s junctiorare given by
condition and imposing @, symmetry with the brane as a

fixed point. The result is a modification of the standard Ein- 1 1 .1 cd 2

stein equations with new term$J, and &,, which are de- Sab=75 Tc Tab™ 7 TacT b T 5;9ab[ 3TeaT™"— (Tc) 7]

fined latej carrying bulk effects onto the brane: (2.8
Gap=— AGap+ K2Tap+ K4Sap— Enp (2.1) Since theS,;, is essentially quadratic in the energy momen-

tum tensor, we should expect cross terms between the scalar
field and the perfect fluid. In this paper we shall assume that

where L ; )
the gradient of the scalar fiel@?, is aligned with the fluid
2 4-velocity, u?, that is ¢'%/\— ¢.,d°=u?. In general 2
) K 4o | - 47 . Ia : . ’ .
K2=—, AN=6=—, A=——|A+|—=—=]|\? need not be aligned with® thereby creating a rich variety of
; P M, 3m,° cross terms. The local brane effects due to a combination of

(2.2 a perfect fluid and a scalar field are
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1 T 2 A 1
Sab:1_2 p— §¢c¢ +V(¢) | uaup proel= — E-ﬁ-p-ﬁ- - E(j);a(ﬁ’a—V((ﬁ))
15 p—lqﬁ ¢ +V W1
,C | — _ a
12" 2 T 12(/3 5 bad +V(¢))
3
X| p+2p= 35 ¢icd®~V($) |hap. (2.9 3 1
27" ’ x| pt2p—54a47-V($) |+ 3| (219
The nonlocal effects from the free gravitational field in ~4
the bulk are characterized by the projection of the bulk Weyl qtotaI:K_Q (2.16
tensor onto the brane. Given a timelike congruence on the é 64
brane, the bulk correctiorg,,, can be decomposd@5] via
~4
K
Ak 1 Wé"éaEE ab- 2.17)
Sab__ - U( Uaub+ §hab +Pab+ ZQ(an):|.
(2.10 As a consequence of the form of the bulk energy-

momentum tensor and th&, symmetry, it follows[26,27]

that the brane energy-momentum tensor separately satisfies
the conservation equatiorierhere we have tacitly assumed
that the scalar field and the matter are noninteragtihat is,

(See[25] for further details. In general, the conservation
equationgthe contracted Bianchi identities on the brade
not determine all of the independent component§gf. In

particular, there is no equation to determiRg, and hence, Ta perfect fluid_ (2.18
in general, the projection of the 5-dimensional field equa- bia ’ '
tions onto the brane do not lead to a closed system of equa- Ta scalar field_

b:a =0. (2.19

tions. In the cosmological context, in which the background

metric is spatially homogeneous and isotropic, we have tha(tBiven thatT;.,=0, the contracted Bianchi identities on the

brane imply that the projected Weyl tensor obeys the con-

DUU= Qa="Pap=0 (2.1 straint
where D, is the totally projected part of the brane covariant g;a= K4$;a- (2.20
derivative. SinceP,,=0, in this case the evolution &k, is
fully determined[7,30,31. Ill. EVOLUTION AND CONSTRAINT EQUATIONS
All of the brane source terms and bulk corrections men- FOR THE BIANCHI TYPE II| BRANE WORLD
tioned above may be consolidated into an effective total en- .
ergy density, pressure, energy flux, and anisotropic pressure A. Orthonormal frame formalism

as follows. The modified Einstein equations take the standard \We shall adopt the orthonormal frame formalism as de-
Einstein form with a redefined energy-momentum tensor: veloped by Ellis and MacCallurf28] and further developed
in [29]. We shall assume that there €53 group of motions

Gap= KT,y total (2.12 acting simply transitively on three dimensional spacelike hy-
persurfaces. We will choose an orthonormal frame of vector
fields {e,} and aligne, to the fluid 4-velocityu, i.e., g
=u. Essentially we are assuming that the velocity field of
the matter source is nontilted with respect to the normal vec-
tor field of the hypersurfaces generated by @ggroup of
motions. Therefore, the triad of spacelike vectdes} at
each point spans the tangent space of the group orbits and

. . hence coordinates can be chosen such that the commutation
The total equivalent energy density, pressure, energy fluXynctions are functions of only.

and anisotropic pressure due to a perfect fluid, scalar field, The commutation relation betweesy and e, yields the

where

total A 7(4 1
Tab E_Egab"_Tab_*' Fsab_;f:ab- (2.13

and both local and nonlocal brane effects are kinematic quantities associated with the vector figldThat
is
total A 1 a =P
p :E+p+ _Ed);a(ﬁ’ +V(¢) [eOrea]_yano

_ where

K4 k? 1 2

| — — a .

Tl 12(p g PV UL @A e il and =0 foHS e floT+ D),
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whereH can be interpreted as the expansion of the flrigh 1
. il K2 totaI:3H2_ 0_2_ _n2 (38)
can be interpreted as the rate of shear tensor of the flyid, p 4

can be interpreted as the acceleration of the fluid, apds

a measure of the vorticity of the fluid. The quantiy, can ~ where p'°® and p'®@ are defined in Eqs(2.14, (2.19 and
be interpreted as the angular velocity of the spatial tetragve have introduced the constart. Note, not all of the
{e,} with respect to a Fermi-propagated spatial frame. How-above equations are independent in particulgr+ o,

ever, with the assumptions made thus far both=0 and ~ *733=0. ' .
=0. From the conservation equations on the brgsee Egs.

The vector fields, generate a Lie algebra with commu- (218 and(2.19], we obtain
tation functionsﬁlﬁ that can be decomposed in the following

way p=—3yHp (3.9
[e,.651= ¥ 485 (3.2 ¢=—3Hp—kkV(e). (3.10
s s 5 Furthermore from the Bianchi identities on the brdisee
= (€apyN”7 2,05~ ap5,)€s (32 Egs.(2.20 and(2.11)] we obtain(see[25])
wheren,; anda, are functions of time only. One can use U= —AHU. (3.11)

a time dependent spatial rotation to diagonalingg,
=diag(n,,n,,n3) [28,29. The Jacobi identitfe;,[e;,63]]
=0 (and permutationsamply thatnaﬁa/3=0, motivating the N _
classification of aG; group of motions into two classes, To facilitate the analysis of these models and to compare
class A wherea®=0, and class B whera®#0. These two With previous work we now choose new variables of the

classes can be further subclassified to yield the nine BiancAPrm

B. Dimensionless formalism

types.

In this paper we are interested in a set of class A modelsE :E 02271 033 s = 1 0503 N= 1n
and in particular the Bianchi type Il models. For the Bianchi " 2 H T 2y3 H 23 H’
type Il models only one of the,, is different from zero.

Here we assume that =n, andn,=n;=0. In addition, we <2p A Uy
shall assume that the spatial trif€,} is Fermi-propagated pr=—2, QA=—2, U=
which implies thatQ),,=0. In choosing a Fermi-propagated 3H 3H k" 3H
triad, we have effectively determined the effective energy .
flux, that is,q°®=0. This then imposes the condition that B K2V _ \ﬁﬁ
Q,=0. In addition, in choosing a Fermi-propagated frame,  3H2’ ~ N23H’
one now has the freedom to rotate the spatial frame so that
o.p=diag(o11,02,,033) [28]. Since there is no way to de- o 2,2 2
termineP,, from observations on the brane, we impose the (), = (p ~p2+V ) = <p ¢2+V)
condition that our brane world model should be consistent 36H? 2 6NH? 2
with a Friedmann-LeMaitre cosmological brane model by 3H2
assuming thaP,;=0. The equations describing the evolu- 2 2
tion of this class of models can be found in equations 1.90— 2 2) Sy (et TP (312
1.100 of[29]. The Einstein field equations and Jacobi iden-
tities yield and a new time variable
) 2 2 dt B 1
H:_HZ_§0.2_€(ptotal+3ptotal) (3_3) E-_ﬁ
2 The system of equation§3.3)—(3.11) becomes(where
('711: —3Hoy— =n? (3.4) prime denotes differentiation with respecttp
3 .
3 =3,(q—2)+4N? (3.13
. 1
022= ~3Hopt g0 (35 3 =3 (q-2) (3.14
1 =N(q-4%.) (3.19
r33=— 3Hogat = n? 3.6
RTINS 29 Q)= (20— (37-2)) (3.6
n=(—H+20)n (3.7 Q) =20,(q+1) (3.17
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O/ =0,(29—(3y,—2)) (3.18 The dynamical systert8.13 is invariant under the trans-
formationN— — N, therefore without loss of generality we
Q) =20,(q-1) (3.19  restrict the analysis to the shi=0. The setN" ={X e S|N
>0} represents Bianchi type Il models, whereas, the set
/6 N°={X e S|N=0} represents the Bianchi type | modeis
V' =v(q—2)— 7k<1> (3.20 Ei +32 +0) or the zero curvature Friedman-Lemaitre mod-
els(if 32 +32=0).
/6 The dynamical systen3.13 is also invariant under the
O'=2d(q+1+ _kxp) (3.2  transformation®_— —X_, therefore without loss of gener-
2 ality we restrict the analysis to the set =0.
The evolution equation fof),, implies that the surface
where Q,,~=0 divides the phase space into three distinct regions,
3y-2 3y,-2 UT={XeS8|Q,>0}, U’={Xe8Q,=0} and U ={X
q=232 4252 + =0~ Q, + Q, € §|Q,<0}.
2 2 With the assumption of the weak energy conditioe.,
+Q,+ 292, (3.22 Ppit 1$?+V=0), it can be shown that in the invariant sets
U andi/® that
2
= et AV 0=32,5 N0y, Q,,0,,0, Wb, <1,
Qpe+ P2+ o

where the generalized Friedmann equation becomes

Q=0+ 0, + 0, +Qy+V2+P=1-32 -32 —N2

that is, i/ * andi/° are compact subsets 8f Unfortunately,

the invariant set/ ~ is not compact in the variables we have
chosen. One can however choose different dimensionless
variables(3.12 to remedy this problertsee van den Hoogen

(3.23  and Abolghasen32])).
N ) There are various invariant sets associated with the matter
In addition, the equation fafl decouples and becomes content. We define six sets
H'=—(1+gH. (3.29 20%9={X € §|Q =00 =0,V =0},

We have now determined the equations describing the

oQO,::{XES|pr:O,CI)=O,\I’¢0},

evolution of the Bianchi type Il brane-world model. The re-
sulting equations are suitable for a qualitative analysis using
techniques from dynamical systems theory. In general, if we
let X=[%,,%_,N,Q,,Q,,0Q,,Q4,V,&], then the sys-
tem of equationg3.13, can be interpreted aX'=F(X)
where F:XCR°—R®. Please see review of dynamical sys-
tems theory irf29] and other texts such §33,34 for a more
complete description of dynamical systems techniques ap-
plied to systems of ordinary differential equations.

00" ={XeS|Q,=0D+0,¥+0},

T0%0={X e 8|Qy#0P=0,¥=0},
0% ={Xe 8 Qp#0P=0¥+0},
QT ={XeS|Qp#0D+#0,¥ #0},

where the notation is interpreted as

IV. QUALITATIVE ANALYSIS OF THE BIANCHI TYPE Il

BRANEWORLD MODELS (value of pr)Q(vaIue of ®,value of \I’).

One additional invariant set of interest is the invariant set
GR={Xe 8Q,=0,0,=0}. One is interested in whether
this set is the future attractor of all brane-world cosmologies.

A. Invariant sets

We note that Eq(3.23 is a constraint or conservation
equation that we rewrite as

B. Monotonic functions

In the sett/*, Q,>0, it can be shown that>—1.
Therefore we easily see th&, monotonically increases
from its lower limit 1 , =0 to its upper limitQ,=1. Fur-
thermore, with the existence of this monotonic function, we
can rule out the existence of any closed or periodic orbits in
the full eight-dimensional phase spaée,That is, any closed
or periodic orbits(if they exis) must lie on the lower-
dimensional boundaries .

The seven-dimensional s&, Q0 ,>0 lies on the bound-
ary of S. If 2_#0 (or Q,¢#0) it can be shown thag>

G(X)=1-32-32 —N2-Q— 0, —Q;— Q, —d— P2
=0. (4.1)

Hence the phase space of the dynamical systesnan eight
dimensional subset dt°, where

S={XeR%G(X)=0}.
Here, one is able to use E(.1) to eliminate the variable

Q , globally from the dynamical systef8.13), which results
in a system of eight differential equations.
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—1 and again),, monotonically increases. Again the exis- <7 and —w/2<e<m/2. Or 32 +32 +W¥2=1. At this
tence of this monotonic function implies that there do notequilibrium point the deceleration parametgr2. The ei-
exist any closed or periodic orbits in this set. Note the onlygenvalues of the linearization restricted to the surface
invariant subset d°, 0,>0 in whichq=—1 (i.e, theonly ~ G(X)=0 are 2, eliminated
invariant subset ot/° in which Q}=0) is 3,=3_=N
=Qp=¥=0=0 andQ,+Q,=1.

With the arguments made in the previous two paragraphs,
the only sets in which a periodic and/or closed orbit might

exist is the seven-dimensional set,=0 and the five- The zerg eigenvalues correspond to the fact that this is a

dimensional se€,;=Q,=%_=0£,>0. In all other cases ,5.dimensional set of equilibria. We note that this equilib-
we observe that the future asymptotic behavior characterizeg,m set has at least one negative and one positive eigen-

by lim,_...€1, =1 (this also implies through the constraint \41ye, and hence this point is always a saddle, even in the

—6,0,0,2,2-43 , ,6— 37,6+ \/6k¥ {6}.

equation(3.23 that lim__,..X=[0,0,0,0,1,0,0,0,p, the de
Sitter model(see local analysis in next sectjprwhile the
past asymptotic behavior is characterized by lim, ,

=0, cosmological models with a four dimensional cosmo-

logical constant that is equivalently equal to zero.

C. Equilibrium points and local behavior

The equilibrium points can be classified in to one of the

six invariant sets')Q¢ ), depending on the matter content.
The order of the coordinates &, ,%_,N,Q,:,Q,,Q,,
Oy, ¥, ®7). In what follows, for those points located in the
0, =0 invariant set, the eigenvalue found in bracketsis
the eigenvalue associated with, direction.

1. Vacuum, °Q0°

Unfortunately the dynamical syste(B.13 is not differ-

Q=0 invariant set. However, in the invariant $&;=0, a
portion of this set becomes a local source.

3. Massive scalar field®Q**

SF’; Robertson-Walker scalar field solutigpower law
inflationary solution [0,0,0,0,0,0,0; k\/6/6,1— k?/6]. At
this equilibrium point the deceleration parametgs k?/2
—1. The eigenvalues of the linearization restricted to the
surfaceG(X)=0 are (2, eliminated

1 1 1
2 K2 AKP— 3 S (K2—B) (K2— &) —(K2—
K% K" =4 k"= 3y, 5 (k"=6),5 (k"= 6),5(k"~2),

1
E(k2—6),{k2}.

entiable everywhere, and in particular, it is not differentiable
in a neighborhood of this invariant set. However, since th i . . . .
system is continuous, we are able to find the equilibriun?The first six eigenvalues are associated with the variables

points of the dynamical system. To determine the stability 01QA '97'pr 2 ’Eﬁ N. The eigenspe;ccﬁ of th_edk!?st(;V&/)O ei-
each equilibrium point in this set, we change the variable envalues spans the tangent space of the vanabiaadd.

(Qp¢, ¥, ) to spherical coordinatesp(0, ) and analyze

the resulting system. This is done in the Appendix and sum

marized below.
dS de Sitter[0,0,0,0,1,0,0,0,Q This equilibrium point is

always a local attractor that is strongly attracting in the

Q,¢=V¥ =0 directions.
m; Isotropic brane-world solution 0,0,0,0,0,1,0,0,0

This equilibrium point is always a local repeller that is

strongly repelling in the),;=W¥ =0 directions.

RO; Robertson-Walker dark radiation  solution

[0,0,0,0,0,0,1,0,p This point is a saddle-point and is there-

fore both unstable to the past and to the future.

R; Bianchi type Il dark radiation solution
[£,0,5,0,0,05,0,0]. In general this equilibrium point is a
saddle-point, however, in the lower-dimensiotth| =0 in-

variant set we observe that this equilibrium point is a local

attractor if y>4/3.

K; Kasner(vacuum solution[ cos(),sin(4),0,0,0,0,0,0,0
where — 7< <. This point is part of the Kasner surface
discussed below.

2. Massless scalar fieldQ%*

K; Kasner (massless scalar figld solution
[ sin(p)cos(),sin(e)sin(6),0,0,0,0,0,cosf),0] where — <6

e observe that this point has both negative and positive
eigenvalues and that the point is not in the physical phase
Space fork?>6. In theQ),=0 invariant set;

If k?<2 and I=<y=<2 then this point is stable.

If 2<k?<3y and 1= y<4/3 then this point haa 1 di-
mensional unstable manifold.

If 3y<k?<4 and 1=<vy<4/3 then this point tma 2 di-
mensional unstable manifold.

If 4 <k?<6 and 1< y<4/3 then this point hma 3 dimen-
sional unstable manifold.

If 2<k?<4 and 4/3< y=<2 then this point haa 1 dimen-
sional unstable manifold.

If 4<k?<37y and 4/3<y<2 then this point ha.a 2 di-
mensional unstable manifold.

If 3y<k?<6 and 4/3<vy<2 then this point hata 3 di-
mensional unstable manifold.

We therefore conclude that f&<2, the power law in-
flationary solution is an attractor in th¢, =0 invariant set.

SF'; Bianchi type Il scalar field solution[2[(k®
—2)/(k®*+16)], 0, V3(2—k?(k*-8)/(k*+16),0,0,0,0
—3./6k/(k?+16),36(8—k?)/(k?+ 16)?]]. At this equilib-
rium point the deceleration parametgr=8[(k%>—2)/(k?
+16)]. This point only exists for parameter values in the
range of 2<k’<8. The eigenvalues of the linearization re-
stricted to the surfac&(X)=0 are (2, eliminated
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k> k®-8 7k?-32 6k*—16y— vyk®
8 6 2 3
k?+16 k®+16 k%+16 k?+16

6%—8
k2+16 k2+16

k2
k2—8)+ (k?—8)2+12(k*—8)(k’*—2)],{ 18—
[( )= )e+12 )( )],[ k2+16]

The first four eigenvalues are associated with the variablegenvalues of the linearization restricted to the surface
0, ,2_,Qy, and Q respectively. The eigenspace of the G(X)=0 are (2, eliminated

last four eigenvalues spans the tangent space of the variables 1

3. N, ¥ and®. We observe that this point has both nega-  —4,—1,—1,4-3y,1,— = (k= Jk?+ 16(4—k?)),{4}.

tive and positive eigenvalues and therefore this point will 2k

always be a saddlepoint. In tl&, =0 invariant set; This point exists in the sdt " UU° only if k?=4. We ob-

If 1<y<4/3 and 2<k?<16y/(6—y) then this point is serve that this point has both negative and positive eigenval-
stable. ues and therefore this point will always be a saddlepoint. The

If 1<y<4/3 and 16/(6— y)<k?<32/7 then this point first five eigenvalues are associated with the variables
has a one dimensional unstable manifold. O\, 24,2 ,Qp, andN respectively. The eigenspace of the

If 1<y<4/3 and 32/%Kk? then this point has a two di- rémaining three eigenvalues spans the tangent space of the
mensional unstable manifold. variablesQ),;,,¥, and®. In the ), =0 invariant set;

If 4/3< y<2 and 2<k2<32/7 then this point is stable. If 1=<+y<4/3 then this point h&a 2 dimensional unstable

5 . . manifold.
If 4/3<y<2 and 32/%k°<16y/(6—y) then this point If 4/3< y=<2 then this point haa 1 dimensional unstable
has a one dimensional unstable manifold. manifold.

If 4/3<y<2 and 16/(6— y)<k? then this point has a  RSP!: Bianchi type Il radiation-scalar field scaling solu-
two d|g§n5|onal unstable mannfolgi ' . tion [£,02,0,0,0,(k2—32)/&k2 —2\/6/3,4/3k2]. At this
RSF’; Robertson-Walker radiation-scalar field scaling So'equilibrium point the deceleration parametgr 1. The ei-

lution [0,0,0,0,0,0k*~4)/k? —21/6/3,4/3k?]. At this  genvalues of the linearization restricted to the surface
equilibrium point the deceleration parametgr1. The ei-  G(X)=0 are 0, eliminated

—4,-1,4-3v,{4}

1
- m((2|<2) +\(2K?)2— (2k2)[ (232 — 64) = \[( 232 — 64)°— 64K2(TK2— 32)]).

This point exists in the sé " UU° only if k?=32/7. The 3 3 3
first three eigenvalues are associated with the variables —37.5(r=2),5(y=2),5(y=2).3y
Q,,2_, and Q respectively. The eigenspace of the re-
maining five eigenvalues spans the tangent space of the five 1
variabless , ,N,Q,,, W, and®. This point is a saddle in the —45(37=2).37.{37}.
full phase space. However, in the invariant 8st=0;
If 1<vy<4/3 then this point has a one dimensional un-1p4 eigenvalues are associated with

_ the variables
stable manifold.

0,24 ,2_,%,Qy,N,Qp and® respectively. We observe

If 4/3<y<2 then this point is stable. that this point has both negative and positive eigenvalues and
therefore, this point will always be a saddlepoint. However,
4. Perfect fluid models; Q°° in the invariant sef) ,=0;

If 1< y<4/3 then this point hea 2 dimensional unstable
F%  Robertson-Walker  perfect fluid  solution manifold.
[0,0,0,1,0,0,0,0,p At this equilibrium point the deceleration  If 4/3<y<<2 then this point haa 3 dimensional unstable
parameterg=%(3y—2). The eigenvalues of the lineariza- Manifold.
tion restricted to the surfacd8(X)=0 are (2, eliminated F''; Bianchi type Il perfect fluid solution[3(3y
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—2),04\3(3y—2)(2— 7),3(6—7),0,0,0,0,0. At this point the decelgratiqn paramem:%(Sy—Z). The eigen-
equilibrium point the deceleration parametgr 2(3y—2). values of the linearization restricted to the surfdgex)
The eigenvalues of the linearization restricted to the surfacg 0 are (2, eliminated

G(X)=0 are (0, eliminated

3
=375 (y=2).3y=4{37},

3 3
—37,3)/—4,5(7— 2), 5(7’_ 2),37.{37}

3 1
- g(Ai \/A2+ EA(Bi JVB%+C)

3
—g2@2=7= V22— )P +2(2=7)(y—6)(3y=2)).  where

The first five eigenvalues are associated with the variables A=2(2=7)
0, ,Q,,2_, 7, and® respectively. The eigenspace of the

remaining three eigenvalues spans the tangent space of the B=24y
three variable& , , N and{),;. We observe that this point

has both negative and positive eigenvalues and therefore, this

2y
F—l) +3(2— )2

point will always be a saddlepoint. However, in the invariant 16y
setQ,=0; C=64y(3y—2) ?+7—6).
If 1=<y<4/3 then this point h&ia 1 dimensional unstable
manifold. o _ . The first three eigenvalues are associated with the variables
If.4/3< v<2 then this point haa 2 dimensional unstable Q,,S_ andQ,, respectively. The eigenspace of the remain-
manifold. ing five eigenvalues spans the tangent space of the variables
o _ 0 2, ,N,Qp¢, ¥, and®. This point only exists in the physical
5. Perfect fluid with a massless scalar field Q%= phase space When—13'y/k2+ ﬁ(2—3y)>0. We observe
There are no equilibrium points in the interior of this in- that this point has both negative and positive eigenvalues and
variant set. therefore, this point will always be a saddlepoint. However,
in the invariant sef), =0;
6. Perfect fluid with a massive scalar field;Q** If 1=<+y<4/3 then this point is stable.
If 4/3<y<2 then this point haa 1 dimensional unstable

MSF’; Robertson-Walker matter-scalar field scaling solu-
tion [0,0,0,1 3v/k?0,0,0—\6y/2k,3y(2— y)/2k?]. At
this equilibrium point the deceleration parametgs 3(3y
—2). The eigenvalues of the linearization restricted to the
surfaceG(X)=0 are (2, eliminated

manifold.
V. OBSERVATIONS

The early time behavior of the brane-world cosmologies
3 3 1 under consideration is no longer characterized by a Kasner
—37,2(y=2),=(y=2),=(3y—2),3y—4{37}, type singularity. It is found that the initial singularity is rep-
2 2 2 resented by the isotropic brane-world solution. It is also ob-
served that this initial singularity is very much dominated by
3 5 5 the kinetic energy of the scalar field. It is worthy to note that
2((yv=2)= V(y=2)*+8y(y—2)(1-3y/k%). the Kasner solutions are not stable to the past in the brane-
world scenario; however, they continue to have an unstable

Thi int onl ists in the phvsical ph > manifold having a large dimension, and are indeed stable to
IS pont only exists in the pnysical phase space N the past for general relativistic cosmologies.

=3y. The first five eigenvalues. are associgted with the vari- It is no surprise that the de Sitter solution represents the
ables, %, ,> N, () respectively. The eigenspace of the .10 time pehavior of any cosmology with a positive four

remaining three eigenvalues spans the tangent space of t fmensional cosmoloqi ;
. X . gical constaht The early time behav-
variables() ¢, ¥, and®. We observe that this point has both ior of any cosmology with a positive four dimensional cos-

n(?lti;at||ve ang posnl\c/j((ejlelggnvall'ues and _theLefqre, th|s po”‘Hﬁological constant is asymptotic to a regime with an equiva-
will always be a saddlepoint. However, in the invariant selign; o, dimensional cosmological constant equal to zero.

Q,=0; ) ) ) , That is, the early time behavior of cosmologies having a
If 1< y<4/3 then this point fa 1 dimensional unstable ,,gjtive four-dimensional cosmological constéht>0, can
manifold. . . . . be determined by investigating the behavior of the governing
If_4/3< y<2 then this point heta 2 dimensional unstable dynamical system restricted to ik, =0 invariant set.
manlfoldl. , , , , We observe that the late time behavior in g =0 in-
MSF!; Bianchi type Il matter-scalar field scaling solu- 4 iant set is dependent upon the curvature of the models
tion  [§(3y—2),05V3(8y—2)(2-7),1-3y/k®+45(2  under consideration. For example, the late time behavior of
—3%),0,0,0~ \6y/2k,3y(2— y)/2k?]. At this equilibrium  the Bianchi type Il cosmological models is one of four pos-
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TABLE I. Sinks and sources for the Bianchi type Il models: Set represents the invariant set containing the
basin of attraction or repulsion, and Dimension is the dimension of the basin of attraction.

Equilibrium Point  Sink or Source Set Dimension Conditions
m Source 0,#0 8 y>1
DS Sink O, #0 8
K Source Q,=0N"* 7 S, <12¥<—6/k
SP Sink Q,=0N" 7 k?<2
SF! Sink Q,=0N" 7 1< y<4/3,2<k?<16y/(6— ) and
413< y<2,2<k?<32/7
MSF! Sink Q,=0N" 7 1< y<4/3k*>16vy/(6—v)
RSH! Sink Q,=0N" 7 4/3< y<2, k?>32/7
R' Sink O,=0N" 7 4/3<y<2
RSP Sink Q,=0N° 6 4/3< y<2k?>>4
SPF° Sink Q,=0N° 6 1< y<4/3k*<3y and
43< y=<2k’<4
MSF° Sink Q,=0N° 6 1< y<4/3k*>3y
RO Sink Q,=0N° 6 4/3< y<2

sible behaviors or solutions. [k?<2 then the isotropic the case in which the local energy density due to nonlocal
power-law inflationary solution is the stable attractork#f effects from the free gravitational field is negativg,<O0. If

>2 then the late time behavior is one in which the models);,<0, then these traditionally ever-expanding models could
fail to isotropize, and have either a scalar field source, gotentially recollapse due to the negativity of this dark radia-
combination of a scalar field and an ordinary matter sourcetion. This analysis is presently under consideratiofi32.

or a combination of a scalar field and a dark radiation source

depending upon the values bfind y. (See Table ).On the ACKNOWLEDGMENT

other hand, the late time behavior of the Bianchi type | cos-

mological models is also one of four possible solutions. If R-J-vdH. is supported by research grants through Natural
k2<2 then the isotropic power-law inflationary solution is Sciences and Engineering Research Council of Canada and

the stable attractor. Ik>>2 then the late time behavior is the University Council on Research at St. Francis Xavier
one in which the models continue to isotropize, and have’niversity. The work has been supported by the CICYT-
either a scalar field source, a combination of a scalar-fieldSPain grant BFM 2000-0018. R.J.vdH. wishes to thank the
and ordinary matter source, or a combination of a scalar fieldPepartamento de ica Tesica of the Universidad del Pau
and a dark radiation source depending upon the valuds 0]cVa_sco in Bilbao for their generous support and warm hospi-
andy. (See Table | for summary details. tality.

For the most part, it becomes very obvious that the exis-
tence of the scalar field in these brane-world cosmologies APPENDIX: EQUILIBRIUM POINTS IN THE VACUUM
affects the initial dynamics when compared to the perfect INVARIANT SET
fluid models studied ih12,13. The scalar field also plays an
important role in the future dynamics of those models with a
zero cosmological constant, that is, the scalar field is a domi- T2+ P2+ P
nant feature in the future dynamics of both the Bianchi type P P
Il models and the Bianchi type | models. Two solutions of P
particular interest, the radiation-scalar field scaling solutions tarfh= — (A1)
(RSP, RSP) are shown to be stable for particular values of P2
v and k. Since neither of these solutions exist in general
relativistic cosmologies, and since both of these cosmologies - Qs
are due to bulk effects acting on the brane, we have the cos ¢=
conclusion, that in generétontrary to popular belig¢f these
brane-world scenario’s are not necessarily asymptotic to gen-
eral relativistic cosmologies to the future.

The qualitative analysis for the bifurcation valugs- 1
and y=4/3, and for the various values &fhas not been p'=p
completed. However, this analysis is not expected to yield
any new observations. Additional numerical calculations do
not reveal anything unexpected. See Figs. 1-5 for phase por-
traits. Note, the analysis presented here also does not address

We define spherical coordinates as follows:

The evolution equations forp(8, ) are

q+1—¥co§§5—3 sirf cosfa), (A2)

o) ~ 6 .
6’ =sin6| 3 cosf+ 7kpsm¢ , (A3)
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FIG. 1. Numerical calculation of trajectories in the invariantQgt=0 for y=1, k=1 andk=2 illustrating typical qualitative behavior
of trajectories in the cases=1, k?<2 andy=1, k?>2. Note thaty=1 is a bifurcation value of the systef®.13. In both cases illustrated
herek?<2 andk?®>2 we observe that for early time3, dominategi.e., Q,— 1) while the remainder of the variables approach zero. For
late times the energy density due to the scalar field dominates kfwed (i.e., Qg=P2+®—1) and ifk?>2 then it is a combination of
energy densities coming from both the matter and the scalar field that dominafé+ Q,—1).

~ ~ ~[3y and
¢'=sin¢ cosg| -~ —3 co@) (A4) ~ ~
=27 coS >+ 4 sirf ¢ cosd.
where . .
The constraint equatio®.1) becomes
—222+222+3 — Sh—Q,+Q ~
q=2%% z pcosd— QO+ Qy PP+ QA+ 0+, +32+32+N?-1=0 (A5)
~ 3y,—2 y: p i =
+ p2Si?H(2 codh— sirfd) + Yr 0, ?lnd>w(()a have & 6<m and O< ¢< /2 since both=0 and
pf= Y-
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T T T T T T v

) . . R . L L . L .
[}
-1 -08 08 -04 02 0 02 0.4 06 08 1 -t 08 -06 -04 -02 0 02 0.4 0.6 08 1
¥ ¥
Phase Portrait in the projected 2,,-Q, plane. fy = 7/6 and k = 1) Phase Portraitin the projected Q,,-Q, plane. {y = 7/6 and k =2)
t T T T T ™ T ™ T r 1 T T ™ ™ T - T
0.9 E 09
X138 i o8l
07 07
06 06
o osf & 0s
0.4 E 213
osf g 0.3}
o2} R 0.2}
(5 4 b o.tF
. s N ) b L R n " s .
0 0.1 02 03 0.4 o5 06 0.7 0.8 0.9 1 o 0.1 02 03 0.4 05 06 07 08 0.9 1
a, By

Phase Portrait in the projected Q-2 plane. ty = 7/6 and k = 2)
T

Phase Portrait in the projected Q-0 plane. tr=7/6 and k = 1)
T T 1 T T T T ™

08 i asl
o8f R 081
o7} g [543
o6l E (Y3
o 0Sf o 05
o4l B o4t
0.3} 1 o3t
0.2 R 02
[X13 g (213
. " ) ) . ) ) . L L . L . . . M
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FIG. 2. Numerical calculation of trajectories in the invariant 8e{=0 for y=7/6, k=1 andk=2 illustrating typical qualitative
behavior of trajectories in the cases < 4/3, k?< 2 and 1< y<4/3, k*>2. In both cases illustrated heké< 2 andk?>2 we observe that
for early times(), dominatedi.e., ), — 1) while the remainder of the variables approach zero. For late times the energy density due to the
scalar field dominates whekf<2 (i.e., Q=V¥2+®—1) and ifk?>2 then it is a combination of energy densities coming from both the
matter and the scalar field that dominates., Qg+ Qp—1).

If we defineY =(5,8,%,3 . ,5_ N,Q,,Q,) then we ob- have a number of different coordinatizations in this new co-
ordinate system. The dynamics in the rectangular coordinate
system (1,;,¥,P) can be obtained by determining the dy-
namics along invariant rays or directiofile intersections of

tain a new dynamical systel’ =F(Y). Where the dynami-
cal equations fok , ,X_,N,Q, ,),, are the same as those in
Eq. (3.13 with the change of variableAl), and Q, is . ) ~, o ) ~ ,
given by solving Eq.(A5) for Q. Note, we indicate the nvariant planes ¢'=0) with invariant cones ¢’=0)] in
eigenvalue corresponding to tiie, direction with brackets the spherical coordinate system. We quickly observe here

{1 that 6= /2, ¢=m/2 does not correspond to an invariant

The geometrical interpretation of the analysis of this newdirection of the dynamical syste’ =F(Y).
system requires some care, as each equilibrium point will dS de Sitter
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FIG. 3. Numerical calculation of trajectories in the invariant 8e{=0 for y=4/3, k=1 andk=2 illustrating typical qualitative
behavior of trajectories in the casgs-4/3, k<2 andy=4/3, 2<k?<4. Note thaty=4/3 is a bifurcation value of the syste8.13. In
both cases illustrated hek¥<?2 and 2<k?<4 we observe that for early time&$, dominates(i.e., 0, —1) while the remainder of the
variables approach zero. For late times the energy density due to the scalar field dominates for béite csgs W2+ d—1). However,
if 4 <k? then the energy density due to the dark radiation plays a dominantraieshown.

The equilibrium point corresponding to the de Sitter solu-= /2 4= 7/2) where the eigenvalues arg=0, \q =0.

tlon_|_n t_he or|g|_nal v_anables IS represented _by s d|ffe_rent.|.he eigenvalues associated with the two angular coordinates
equilibrium points in the spherical coordinates defined ~ ~
are: \3=3 when #=0,m,¢=0,m/2) and \j=—3(2

above: DS=[0.6,4,0,0,0,0,0 where #=0,7/2,7 and ¢ — -
=0,7/2. The eigenvalues-3,—3,—1,— 4, have an eigens- —7)/2 when (#=0,m,$=0), and \5=3(2—)/2 when
pace spanned by, ,X_,N,Q,,. The eigenvalues associated (0=0,7,¢=7/2); \3=—3 when @=u/2,¢=0,7/2) and

with the matter ara;= —3y/2, \q = —6ywheng$=0and  \3=3y/2 when §=7/2,$=0), and\j=—3y/2 when {
\;=—3, )\sz_lz when'g= /2 except at the pointq =ml2,¢=m/2). The behavior of the angular coordinates
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FIG. 4. Numerical calculation of trajectories in the invariant 8e{=0 for y=5/3, k=1 andk=2 illustrating typical qualitative
behavior of trajectories in the cases 4/3<2, k?<2 and 4/ y<2, 2<k?®<4. In both cases illustrated hek8<2 and 2<k?®<4 we
observe that for early time@, dominatedi.e.,(, — 1) while the remainder of the variables approach zero. For late times the energy density
due to the scalar field dominates in both caées, Qg =V2+d—1).

.0 is illustrated in Fig. 6. We observe that all the eigenval-curvature Robertson-Walker cosmological models with a

ues not associated with the angular coordinates are negativé?smological constant.

therefore, this point is a local attractor. The dynamics in the M Isotropic brane-world solution _ _
The equilibrium poinim in the original variables is repre-

¢— 6 plane indicate thap— «/2 ando— m/2 ast—o. This o0 by six different equilibrium points in the new vari-
implies that this equilibrium point is strongly attracting along ~ ~ ~ ~
this direction, that is, this equilibrium point strongly attracts ables, m=[0.6,4,0,0,0,1.9 where 029’77/2’77 and ¢ _
along the ;=¥ =0 direction in the original variables. =0,m/2. For§=0,m/2,m and¢=0 the eigenvalues associ-
This local analysis, together with the global analysis in Secated with the nonangular coordinates g@y},3y/2,3(y

IV B, implies that the de Sitter solution is a global attractor —1),3(y—1),3y—1,2(3y—2). For=0,7 and¢= /2 the

for a wide class of Bianchi type Il, Bianchi type I, and zero eigenvalues associated with the nonangular coordinates are
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equilibrium pointsm, R®andR'' the dynamics in theb-8 plane is

err 1 the same as in thBS case, but the degree of stability in the other
six coordinate directions differs as summarized in the text above.
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Preso Poritn heprojoctd 8B . =S ansk =) scalar field that is the dominant component of the total en-
ergy density. Fory=1, numerical analysis reveals that this
point remains a sourcesee Fig. 1

oer T R Robertson-Walker dark radiation solution

o7} . The equilibrium pointR® in the original variables is rep-
resented by six different equilibrium points in the new vari-
ables, R°=[0,6,¢,0,0,0,0,1 where 6=0,7/2,7 and
=0,7/2. The eigenvalues-1,—1,1{4} have an eigenspace
spanned by . ,3_,N,Q,,. The eigenvalues associated with

the matter ara;=(4—3y)/2, \g =4—6y wheng=0 and
N;=—1, Aq =—8 when'd=m/2 except at the pointé
- =m/2,$=m/2) where the eigenvalues axg=2, Ao, =4.
oo n,:;w woom The eigenvalues of the angular coordinates are the same as in
. _ ) o o de Sitter case above. We observe that the eigenvalues not
FIG. 5. Numerical calculation of trajectories in the invariant set 3g5ociated with the angular coordinates are both positive and
Q=0 for y=5/3, k=3 illustrating typical qualitative behavior of negative, therefore, this point is a saddle point.yH 4/3

trajectories in the case 4#3y<2, k?>4. We observe that for early then the point hea 3 dimensional unstable manifold in the

times(}, dominategi.e., },—1) while the remainder of the vari- . . _
I[N. : <
ables approach zero. For late times, it is a combination of energ;r/eCtangUI‘E1r coordinate systerfote: If y<4/3, then Ao

densities coming from both the dark radiation and the scalar field= (4—37)/2>0 along the invariant directiogp=0 butA}
that dominategi.e, Qg+ Q;,—1). =—1<0 along the invariant direction§=0,¢==/2 and

9=0,¢=/2.] If y>4/3, then the point lwa 2 dimensional

{12!,3,3,3,5,8. Ford=7/2 and ¢= /2 the eigenvalues as- Uns"ﬁble,ma”'f‘)'d- o _

sociated with the nonangular coordinates are3,—3, R"; Bianchi type Il dar|t< radiation solution _
—1,0{0},—4. The eigenvalues of the angular coordinates "€ equilibrium poin®R™ in the original variables is rep-
are the same as in de Sitter case ab(see Fig. 6 We resented by s~|x~d|fferent equilibrium points in the new vari-
observe that this point is always a source fpr1 and ables,R'"=[0,0,4,7,0,,05]. The eigenvalues-1,—1/2(1
strongly repel away from th@ (= ®=0 direction. As mod- = /6i),{4} have an eigenspace spannedshy,3 _,N,Q,,.

els evolve backwards in time, it is the kinetic energy of theThe eigenvalues associated with the matter ape-(4

0.8
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03r

0.2
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~39)/2, No, =46y when $=0 and)\;=—1, Ag =8 NUMERICAL CALCULATIONS

when ¢=7/2 except at the pointd=m/2,¢=m/2) where All numerical calculations were done USINGTLAB S OF-
the eigenvalues arg, =2, Ao, =4. The eigenvalues of the dinary differential equation$ODE) solvers. Not all of the

angular coordinates are the same as in de Sitter case aboveP@ssible combinations of parametersaandk illustrating the
y<4/3 then the equilibrium point Isaa 2 dimensional un- different qualitative behaviors are shown. In particular, it is
stable manifold in the rectangular coordinate systemy If the bifurcation valueg=1 andy=4/3 that were of particu-
>4/3, then the equilibrium point has a one dimensional uniar interest since it is difficult to obtain analytic results with
stable manifold. We also observe that4if>4/3 then this regards to stability and behavior at these particular bifurca-
point is a stable attractor in tHe , =0 invariant set. tion values.
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