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Bianchi type II brane-world cosmologies„UÐ0…
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The asymptotic properties of the Bianchi type II cosmological model in the brane-world scenario are
investigated. The matter content is assumed to be a combination of a perfect fluid and a minimally coupled
scalar field that is restricted to the brane. The isotropic brane-world solution is determined to represent the
initial singularity in all brane-world cosmologies. Additionally, it is shown that it is the kinetic energy of the
scalar field which dominates the initial dynamics in these brane-world cosmologies. It is important to note that
the dynamics of these brane-world cosmologies is not necessarily asymptotic to general relativistic cosmolo-
gies to the future in the case of a zero four-dimensional cosmological constant.
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I. INTRODUCTION

It is theorized that Einstein’s general relativity brea
down at sufficiently high energies. Therefore, general re
tivity may not be the most appropriate choice for a gravi
tional theory in the very early universe. Developments
string theory suggest that gravity may truly be a higher
mensional theory, becoming an effective 4-dimensio
theory at lower energies. Some researchers have sugg
an alternative scenario in which the matter fields are
stricted to a 3-dimensional brane-world embedded in 113
1d dimensions~the bulk!, while the gravitational field is
free to propagate in thed extra dimensions@1–8#. This new
scenario for the gravitational field will have significant im
plications for cosmology.

The dynamical equations on the 4-dimensional bra
world differ from the field equations of general relativit
since there exist additional terms that carry nonlocal grav
tional effects from the bulk onto the brane. These additio
terms are quadratic in nature and reduce to the regular
stein field equations of general relativity for late times. Ho
ever, for early times, these quadratic terms will play a v
critical role in the evolutionary dynamics of these bran
world models.

A lot of effort has been directed at the so-called perf
fluid Friedmann brane-world models@8–13#. More recently,
people have begun to investigate anisotropic brane-w
models@12–17#, trying to determine the effects of the bu
gravitational field. People have also begun to look at
effect of scalar fields in the Friedmann brane world@18#. It is
known in general relativity that only sets of measure zero
the set of all spatially homogeneous models~satisfying a set
of reasonable energy conditions! will isotropize@19#. It is not
yet clear whether this result holds for spatially homogene
brane-world models as well.
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General relativistic cosmological models containing bo
a perfect fluid and a scalar field having an exponential
tential have been previously studied@20–22#. One of the
exact solutions found in these models is a spatially flat i
tropic model with the property that the energy density of t
scalar field is proportional to the energy density of the p
fect fluid, and consequently are labeled scaling cosmolog
~See@23,24# and references therein!. It was found in@20–22#
that these cosmological scaling solutions are in general
stable, and hence do not represent typical late-time beha
However, during the evolution of one of these cosmologi
models containing both a perfect fluid and a scalar field h
ing an exponential potential, these scaling solutions may p
an important role in the intermediate or transient behavior
these cosmologies, since the scalar field and the perfect
are non-negligible in a neighborhood of the scaling soluti
In particular, in these models a significant portion of t
current energy density of the Universe could be contained
the scalar field whose dynamical effects mimic those of c
dark matter.

In general relativistic cosmological models, the Bianc
type II model plays an important role in the past asympto
behavior of the Bianchi type IX models. Recently, Col
@16# has argued that the Bianchi type IX model has an i
tropic singularity in the brane-world scenario. This indicat
that the Bianchi type II model in the brane-world scena
may also have a behavior that is different than in the gen
relativistic case. In this paper, we shall assume that the b
world is a spatially homogeneous Bianchi type II model co
taining both a scalar field and a perfect fluid. Consequen
due to the additional terms that carry nonlocal gravitatio
effects from the bulk onto the brane, new evolutionary b
haviors in the cosmologies are expected. In particular, wit
combination of a perfect fluid and a scalar field, due to
quadratic nature of the nonlocal gravitational effects, a w
variety of new and exotic asymptotic and transient behav
are possible.

Maartens@25# and Shiromizoet al. @26,27# have devel-
oped an elegant covariant approach to the bulk effects on
©2003 The American Physical Society10-1
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brane. The equations derived by Maartens are an exten
of earlier work by Ellis and MacCallum@28# that has been
subsequently developed more recently in the book by W
wright and Ellis @29#. Using the formalism developed b
Maartens and Wainwright and Ellis, we propose to inve
gate the dynamical behavior in a wider class of anisotro
models than what has been previously analyzed.

The resulting field equations will yield a system of ord
nary differential equations, suitable for a geometric analy
using dynamical systems techniques. This analysis will
termine whether the dynamics of the brane-world scen
mimics the dynamics of a general relativistic cosmology
at the very least, is asymptotic to a general relativistic c
mology. One would be interested in both the early~nature of
the initial singularity! and late time behavior~i.e., whether
these models approach the general relativistic regime
isotropize!.

With regards to notation, quantities having a tilde are o
jects found in the five dimensional bulk while nontilde qua
tities are objects restricted to the four dimensional bra
world. The upper case Latin subscripts (A,B,C, . . . ) range
from 0–4, the lower case latin subscriptsa,b,c, . . . ) range
from 0–3 and the greek subscripts (a,b,g, . . . ) range from
1–3.

II. GOVERNING EQUATIONS

The popular brane-world scenario assumes the existe
of a domain wall,M ~a 3-brane! with induced metricgAB

5g̃AB2ñAñB in a five dimensional spacetimeM̃ with metric
g̃AB whereñA is the spacelike unit vector normal toM. In a
neighborhood of the brane, one can choose coordinatexA

5(xa,x) such thatñA5x ,A wherex50 coincides with the
brane. Thexa are the spacetime coordinates on the braneM.
The five dimensional field equations are Einstein’s equati
with a bulk cosmological constantL̃, and a brane energy
momentum sourceTAB ,

G̃AB5k̃2@2L̃gAB1d~x!$lgAB1TAB%#

where k̃258p/M̃p
3 , with M̃p being the five-dimensiona

Planck mass andl is the brane tension.
The field equations induced on the brane have been

rived using a geometric approach by Shiromizuet al. @25–
27#, using the Gauss-Codazzi equations, Israel’s junc
condition and imposing aZ2 symmetry with the brane as
fixed point. The result is a modification of the standard E
stein equations with new terms (Sab andEab which are de-
fined later! carrying bulk effects onto the brane:

Gab52Lgab1k2Tab1k̃4Sab2Eab ~2.1!

where

k25
8p

Mp
2

, l56
k2

k̃4
, L5

4p

M̃p
3 F L̃1S 4p

3M̃p
3D l2G

~2.2!
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with Mp being the four-dimensional Planck mass, andL is
the effective four-dimensional cosmological constant on
brane. It is common to assume that the effective cosmolo
cal constant,L, on the brane is zero through fine tuning
the brane tensionl. However, we shall assume for the m
ment that it is nonzero.

We will assume that the source term,Tab ~restricted to the
brane! is a noninteracting mixture of ordinary matter havin
energy densityr, and a minimally coupled scalar field,f,
that is

Tab5Tab
per f ect f luid1Tab

scalar f ield. ~2.3!

We will assume that the matter component is equivalent t
comoving perfect fluid with 4-velocityua and a linear baro-
tropic equation of statep5(g21)r. Energy conditions im-
pose the restrictionr>0 and causality requires thatg
P@0,2#. We will assume that the potential for the scalar fie
has an exponential form, that is,V(f)5V0ekkf

5V0e(A8p/M p)kf. The energy-momentum tensors restrict
to the brane for a perfect fluid and a minimally-coupled s
lar field are

Tab
per f ect f luid5ruaub1phab , ~2.4!

Tab
scalar f ield5f ;af ;b2gabS 1

2
f ;cf

;c1V~f! D ,

~2.5!

where the projection tensorhab[gab1uaub projects or-
thogonal toua. We note that iff ; a is timelike, then a scalar
field with potentialV(f) is equivalent to a perfect fluid hav
ing an energy density and isotropic pressure

rscalar f ield52
1

2
f ;cf

;c1V~f!, ~2.6!

pscalar f ield52
1

2
f ;cf

;c2V~f!. ~2.7!

The bulk corrections to the Einstein equations on
brane are of two forms: first, the matter fields contribu
local quadratic energy-momentum corrections via the ten
Sab , and secondly, there are nonlocal effects from the f
gravitational field in the bulk. The local matter correctio
are given by

Sab5
1

12
Tc

cTab2
1

4
TacT

c
b1

1

24
gab@3TcdT

cd2~Tc
c!2#.

~2.8!

Since theSab is essentially quadratic in the energy mome
tum tensor, we should expect cross terms between the s
field and the perfect fluid. In this paper we shall assume t
the gradient of the scalar fieldf ;a, is aligned with the fluid
4-velocity, ua, that is f ;a/A2f ;bf ;b5ua. In generalf ;a

need not be aligned withua thereby creating a rich variety o
cross terms. The local brane effects due to a combinatio
a perfect fluid and a scalar field are
0-2
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Sab5
1

12S r2
1

2
f ;cf

;c1V~f! D 2

uaub

1
1

12S r2
1

2
f ;cf

;c1VD
3S r12p2

3

2
f ;cf

;c2V~f! Dhab . ~2.9!

The nonlocal effects from the free gravitational field
the bulk are characterized by the projection of the bulk W
tensor onto the brane. Given a timelike congruence on
brane, the bulk correction,Eab can be decomposed@25# via

Eab52S k̃

k
D 4FUS uaub1

1

3
habD1Pab12Q(aub)G .

~2.10!

~See @25# for further details.! In general, the conservatio
equations~the contracted Bianchi identities on the brane! do
not determine all of the independent components ofEab . In
particular, there is no equation to determinePab and hence,
in general, the projection of the 5-dimensional field equ
tions onto the brane do not lead to a closed system of e
tions. In the cosmological context, in which the backgrou
metric is spatially homogeneous and isotropic, we have

DaU5Qa5Pab50 ~2.11!

where Da is the totally projected part of the brane covaria
derivative. SincePab50, in this case the evolution ofEab is
fully determined@7,30,31#.

All of the brane source terms and bulk corrections m
tioned above may be consolidated into an effective total
ergy density, pressure, energy flux, and anisotropic pres
as follows. The modified Einstein equations take the stand
Einstein form with a redefined energy-momentum tensor

Gab5k2Tab
total ~2.12!

where

Tab
total[2

L

k2
gab1Tab1

k̃4

k2
Sab2

1

k2
Eab . ~2.13!

The total equivalent energy density, pressure, energy fl
and anisotropic pressure due to a perfect fluid, scalar fi
and both local and nonlocal brane effects are

r total5
L

k2
1r1S 2

1

2
f ;af ;a1V~f! D

1
k̃4

k6 Fk4

12S r2
1

2
f ;af ;a1V~f! D 2

1UG ~2.14!
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ptotal52
L

k2
1p1S 2

1

2
f ;af ;a2V~f! D

1
k̃4

k6 Fk4

12S r2
1

2
f ;af ;a1V~f! D

3S r12p2
3

2
f ;af ;a2V~f! D1

1

3
UG ~2.15!

qa
total5

k̃4

k6
Qa ~2.16!

pab
total5

k̃4

k6
Pab . ~2.17!

As a consequence of the form of the bulk energ
momentum tensor and theZ2 symmetry, it follows@26,27#
that the brane energy-momentum tensor separately sati
the conservation equations~where we have tacitly assume
that the scalar field and the matter are noninteracting!, that is,

Tb;a
a per f ect f luid50, ~2.18!

Tb;a
a scalar f ield50. ~2.19!

Given thatTb;a
a 50, the contracted Bianchi identities on th

brane imply that the projected Weyl tensor obeys the c
straint

E b;a
a 5k̃4Sb;a

a . ~2.20!

III. EVOLUTION AND CONSTRAINT EQUATIONS
FOR THE BIANCHI TYPE II BRANE WORLD

A. Orthonormal frame formalism

We shall adopt the orthonormal frame formalism as d
veloped by Ellis and MacCallum@28# and further developed
in @29#. We shall assume that there is aG3 group of motions
acting simply transitively on three dimensional spacelike h
persurfaces. We will choose an orthonormal frame of vec
fields $ea% and align e0 to the fluid 4-velocityu, i.e., e0
5u. Essentially we are assuming that the velocity field
the matter source is nontilted with respect to the normal v
tor field of the hypersurfaces generated by theG3 group of
motions. Therefore, the triad of spacelike vectors$ea% at
each point spans the tangent space of the group orbits
hence coordinates can be chosen such that the commut
functions are functions oft only.

The commutation relation betweene0 and ea yields the
kinematic quantities associated with the vector fieldu. That
is

@e0 ,ea#5g0a
b eb

where

g0a
0 5u̇a , and g0a

b 52sa
b2Hda

b2ead
b~vd1Vd!,
0-3
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whereH can be interpreted as the expansion of the fluid,sab

can be interpreted as the rate of shear tensor of the fluidu̇a
can be interpreted as the acceleration of the fluid, andva is
a measure of the vorticity of the fluid. The quantityVa can
be interpreted as the angular velocity of the spatial tet
$ea% with respect to a Fermi-propagated spatial frame. Ho
ever, with the assumptions made thus far bothu̇a50 and
va50.

The vector fieldsea generate a Lie algebra with commu
tation functionsgab

d that can be decomposed in the followin
way

@ea ,eb#5gab
d ed ~3.1!

5~eabgndg1aadb
d 2abda

d !ed ~3.2!

wherenab andaa are functions of timet only. One can use
a time dependent spatial rotation to diagonalizenab
5diag(n1 ,n2 ,n3) @28,29#. The Jacobi identity@e1 ,@e2 ,e3##
50 ~and permutations! imply thatnabab50, motivating the
classification of aG3 group of motions into two classes
class A whereaa50, and class B whereaa5” 0. These two
classes can be further subclassified to yield the nine Bia
types.

In this paper we are interested in a set of class A mod
and in particular the Bianchi type II models. For the Bianc
type II models only one of thenab is different from zero.
Here we assume thatn15n, andn25n350. In addition, we
shall assume that the spatial triad$ea% is Fermi-propagated
which implies thatVa50. In choosing a Fermi-propagate
triad, we have effectively determined the effective ene
flux, that is,qa

total50. This then imposes the condition th
Qa50. In addition, in choosing a Fermi-propagated fram
one now has the freedom to rotate the spatial frame so
sab5diag(s11,s22,s33) @28#. Since there is no way to de
terminePab from observations on the brane, we impose
condition that our brane world model should be consist
with a Friedmann-LeMaitre cosmological brane model
assuming thatPab50. The equations describing the evol
tion of this class of models can be found in equations 1.9
1.100 of@29#. The Einstein field equations and Jacobi ide
tities yield

Ḣ52H22
2

3
s22

k2

6
~r total13ptotal! ~3.3!

ṡ11523Hs112
2

3
n2 ~3.4!

ṡ22523Hs221
1

3
n2 ~3.5!

ṡ33523Hs331
1

3
n2 ~3.6!

ṅ5~2H12s11!n ~3.7!
08351
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k2r total53H22s22
1

4
n2 ~3.8!

wherer total and ptotal are defined in Eqs.~2.14!, ~2.15! and
we have introduced the constantk2. Note, not all of the
above equations are independent in particulars111s22
1s3350.

From the conservation equations on the brane@see Eqs.
~2.18! and ~2.19!#, we obtain

ṙ523gHr ~3.9!

f̈523Hḟ2kkV~f!. ~3.10!

Furthermore from the Bianchi identities on the brane@see
Eqs.~2.20! and ~2.11!# we obtain~see@25#!

U̇524HU. ~3.11!

B. Dimensionless formalism

To facilitate the analysis of these models and to comp
with previous work we now choose new variables of t
form

S15
1

2

s221s33

H
, S25

1

2A3

s222s33

H
, N5

1

2A3

n

H
,

Vp f5
k2r

3H2
, VL5

L

3H2
, VU5

k̃4

k4

U
3H2

,

F5
k2V

3H2
, C5A3

2

kḟ

3H
,

Vl5
k̃4

36H2 S r1
1

2
ḟ21VD 2

5
k2

6lH2 S r1
1

2
ḟ21VD 2

5
3H2

2k2l
~Vp f1C21F!2 ~3.12!

and a new time variable

dt

dt
5

1

H
.

The system of equations~3.3!–~3.11! becomes~where
prime denotes differentiation with respect tot)

S18 5S1~q22!14N2 ~3.13!

S28 5S2~q22! ~3.14!

N85N~q24S1! ~3.15!

Vp f8 5Vp f~2q2~3g22!! ~3.16!

VL8 52VL~q11! ~3.17!
0-4
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Vl85Vl~2q2~3gl22!! ~3.18!

VU852VU~q21! ~3.19!

C85C~q22!2
A6

2
kF ~3.20!

F852FS q111
A6

2
kC D ~3.21!

where

q[2S1
2 12S2

2 1
3g22

2
Vp f2VL1

3gl22

2
Vl

1VU12C22F, ~3.22!

gl[
2gVp f14C2

Vp f1C21F
,

where the generalized Friedmann equation becomes

V total[Vp f1VL1Vl1VU1C21F512S1
2 2S2

2 2N2.
~3.23!

In addition, the equation forH decouples and becomes

H852~11q!H. ~3.24!

We have now determined the equations describing
evolution of the Bianchi type II brane-world model. The r
sulting equations are suitable for a qualitative analysis us
techniques from dynamical systems theory. In general, if
let X5@S1 ,S2 ,N,Vp f ,VL ,Vl ,VU ,C,F#, then the sys-
tem of equations~3.13!, can be interpreted asX85F(X)
whereF:X,R9→R9. Please see review of dynamical sy
tems theory in@29# and other texts such as@33,34# for a more
complete description of dynamical systems techniques
plied to systems of ordinary differential equations.

IV. QUALITATIVE ANALYSIS OF THE BIANCHI TYPE II
BRANE-WORLD MODELS

A. Invariant sets

We note that Eq.~3.23! is a constraint or conservatio
equation that we rewrite as

G~X![12S1
2 2S2

2 2N22Vp f2VL2VU2Vl2F2C2

50. ~4.1!

Hence the phase space of the dynamical systemS is an eight
dimensional subset ofR9, where

S5$XPR9uG~X!50%.

Here, one is able to use Eq.~4.1! to eliminate the variable
VL globally from the dynamical system~3.13!, which results
in a system of eight differential equations.
08351
e

g
e

p-

The dynamical system~3.13! is invariant under the trans
formation N→2N, therefore without loss of generality w
restrict the analysis to the setN>0. The setN15$XPSuN
.0% represents Bianchi type II models, whereas, the s
N05$XPSuN50% represents the Bianchi type I models~if
S1

2 1S2
2 5” 0) or the zero curvature Friedman-Lemaitre mo

els ~if S1
2 1S2

2 50).
The dynamical system~3.13! is also invariant under the

transformationS2→2S2 , therefore without loss of gener
ality we restrict the analysis to the setS2>0.

The evolution equation forVU implies that the surface
VU50 divides the phase space into three distinct regio
U 15$XPSuVU.0%, U 05$XPSuVU50% and U 25$X
PSuVU,0%.

With the assumption of the weak energy condition~i.e.,
rp f1

1
2 ḟ21V>0), it can be shown that in the invariant se

U 1 andU 0 that

0<S1
2 ,S2 ,N,Vp f ,VL ,Vl ,VU ,C2,F,<1,

that is,U 1 andU 0 are compact subsets ofS. Unfortunately,
the invariant setU 2 is not compact in the variables we hav
chosen. One can however choose different dimension
variables~3.12! to remedy this problem~see van den Hoogen
and Abolghasem@32#!.

There are various invariant sets associated with the ma
content. We define six sets

0V0,05$XPSuVp f50,F50,C50%,

0V0,65$XPSuVp f50,F50,C5” 0%,

0V1,65$XPSuVp f50,F5” 0,C5” 0%,

1V0,05$XPSuVp f5” 0,F50,C50%,

1V0,65$XPSuVp f5” 0,F50,C5” 0%,

1V1,65$XPSuVp f5” 0,F5” 0,C5” 0%,

where the notation is interpreted as

(value of Vp f)V (value of F,value of C).

One additional invariant set of interest is the invariant
GR5$XPSuVl50,VU50%. One is interested in whethe
this set is the future attractor of all brane-world cosmologi

B. Monotonic functions

In the setU 1, VL.0, it can be shown thatq.21.
Therefore we easily see thatVL monotonically increases
from its lower limit VL50 to its upper limitVL51. Fur-
thermore, with the existence of this monotonic function,
can rule out the existence of any closed or periodic orbits
the full eight-dimensional phase space,S. That is, any closed
or periodic orbits ~if they exist! must lie on the lower-
dimensional boundaries ofS.

The seven-dimensional setU 0, VL.0 lies on the bound-
ary of S. If S25” 0 ~or Vp f5” 0) it can be shown thatq.
0-5
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21 and againVL monotonically increases. Again the exi
tence of this monotonic function implies that there do n
exist any closed or periodic orbits in this set. Note the o
invariant subset ofU 0, VL.0 in whichq521 ~i.e, the only
invariant subset ofU 0 in which VL8 50) is S15S25N
5Vp f5C5F50 andVL1Vl51.

With the arguments made in the previous two paragrap
the only sets in which a periodic and/or closed orbit mig
exist is the seven-dimensional setVL50 and the five-
dimensional setVp f5VU5S250,VL.0. In all other cases
we observe that the future asymptotic behavior character
by limt→`VL51 ~this also implies through the constrai
equation~3.23! that limt→`X5@0,0,0,0,1,0,0,0,0#), the de
Sitter model~see local analysis in next section!, while the
past asymptotic behavior is characterized by limt→2`VL

50, cosmological models with a four dimensional cosm
logical constant that is equivalently equal to zero.

C. Equilibrium points and local behavior

The equilibrium points can be classified in to one of t
six invariant sets( )V (, ), depending on the matter conten
The order of the coordinates is@S1 ,S2 ,N,Vp f ,VL ,Vl ,
VU ,C,F#). In what follows, for those points located in th
VL50 invariant set, the eigenvalue found in brackets$ % is
the eigenvalue associated withVL direction.

1. Vacuum, 0V0,0

Unfortunately the dynamical system~3.13! is not differ-
entiable everywhere, and in particular, it is not differentia
in a neighborhood of this invariant set. However, since
system is continuous, we are able to find the equilibri
points of the dynamical system. To determine the stability
each equilibrium point in this set, we change the variab
(Vp f ,C,F) to spherical coordinates (r̃,ũ,f̃) and analyze
the resulting system. This is done in the Appendix and su
marized below.

dS; de Sitter@0,0,0,0,1,0,0,0,0#. This equilibrium point is
always a local attractor that is strongly attracting in t
Vp f5C50 directions.

m; Isotropic brane-world solution@0,0,0,0,0,1,0,0,0#.
This equilibrium point is always a local repeller that
strongly repelling in theVp f5C50 directions.

R0; Robertson-Walker dark radiation solutio
@0,0,0,0,0,0,1,0,0#. This point is a saddle-point and is ther
fore both unstable to the past and to the future.

RII ; Bianchi type II dark radiation solution

@ 1
4 ,0,14 ,0,0,0,78 ,0,0#. In general this equilibrium point is a

saddle-point, however, in the lower-dimensionalVL50 in-
variant set we observe that this equilibrium point is a lo
attractor ifg.4/3.

K; Kasner~vacuum! solution@cos(u),sin(u),0,0,0,0,0,0,0#
where2p,u<p. This point is part of the Kasner surfac
discussed below.

2. Massless scalar field,0V0,Á

K; Kasner ~massless scalar field! solution
@sin(w)cos(u),sin(w)sin(u),0,0,0,0,0,cos(w),0# where 2p,u
08351
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t

ed

-

e

f
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l

<p and 2p/2<w<p/2. Or S1
2 1S2

2 1C251. At this
equilibrium point the deceleration parameterq52. The ei-
genvalues of the linearization restricted to the surfa
G(X)50 are (VL eliminated!

26,0,0,2,224S1,623g,61A6kC,$6%.

The zero eigenvalues correspond to the fact that this
two-dimensional set of equilibria. We note that this equili
rium set has at least one negative and one positive eig
value, and hence this point is always a saddle, even in
VL50 invariant set. However, in the invariant setVl50, a
portion of this set becomes a local source.

3. Massive scalar field,0V¿,Á

SF0; Robertson-Walker scalar field solution~power law
inflationary solution! @0,0,0,0,0,0,0,2kA6/6,12k2/6#. At
this equilibrium point the deceleration parameterq5k2/2
21. The eigenvalues of the linearization restricted to
surfaceG(X)50 are (VL eliminated!

2k2,k224,k223g,
1

2
~k226!,

1

2
~k226!,

1

2
~k222!,

1

2
~k226!,$k2%.

The first six eigenvalues are associated with the variab
Vl ,VU ,Vp f ,S1 ,S2 ,N. The eigenspace of the last two e
genvalues spans the tangent space of the variablesC andF.
We observe that this point has both negative and posi
eigenvalues and that the point is not in the physical ph
space fork2.6. In theVL50 invariant set;

If k2,2 and 1<g<2 then this point is stable.
If 2 ,k2,3g and 1<g,4/3 then this point has a 1 di-

mensional unstable manifold.
If 3g,k2,4 and 1<g,4/3 then this point has a 2 di-

mensional unstable manifold.
If 4 ,k2,6 and 1<g,4/3 then this point has a 3 dimen-

sional unstable manifold.
If 2 ,k2,4 and 4/3<g<2 then this point has a 1 dimen-

sional unstable manifold.
If 4 ,k2,3g and 4/3<g<2 then this point has a 2 di-

mensional unstable manifold.
If 3g,k2,6 and 4/3<g<2 then this point has a 3 di-

mensional unstable manifold.
We therefore conclude that fork2,2, the power law in-

flationary solution is an attractor in theVL50 invariant set.
SFII ; Bianchi type II scalar field solution@2@(k2

22) /(k2116)#, 0, A3(22k2)(k228)/(k2116)2,0,0,0,0
23A6k/(k2116),36@(82k2)/(k2116)2#]. At this equilib-
rium point the deceleration parameterq58@(k222)/(k2

116)#. This point only exists for parameter values in th
range of 2<k2<8. The eigenvalues of the linearization r
stricted to the surfaceG(X)50 are (VL eliminated!
0-6
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k2

k2116
,6

k228

k2116
,2

7k2232

k2116
,3

6k2216g2gk2

k2116
,

6
k228

k2116
,

3

k2116
@~k228!6A~k228!2112~k228!~k222!#,H 18

k2

k2116
J .
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b
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-

ce
The first four eigenvalues are associated with the varia
Vl ,S2 ,VU , and Vp f respectively. The eigenspace of th
last four eigenvalues spans the tangent space of the varia
S1 ,N,C andF. We observe that this point has both neg
tive and positive eigenvalues and therefore this point w
always be a saddlepoint. In theVL50 invariant set;

If 1<g,4/3 and 2,k2,16g/(62g) then this point is
stable.

If 1<g,4/3 and 16g/(62g),k2,32/7 then this point
has a one dimensional unstable manifold.

If 1<g,4/3 and 32/7,k2 then this point has a two di
mensional unstable manifold.

If 4/3,g,2 and 2,k2,32/7 then this point is stable.
If 4/3,g,2 and 32/7,k2,16g/(62g) then this point

has a one dimensional unstable manifold.
If 4/3,g,2 and 16g/(62g),k2 then this point has a

two dimensional unstable manifold.
RSF0; Robertson-Walker radiation-scalar field scaling s

lution @0,0,0,0,0,0,(k224)/k2,22A6/3k,4/3k2#. At this
equilibrium point the deceleration parameterq51. The ei-
bl
e
fi

n

n
n
-

08351
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genvalues of the linearization restricted to the surfa
G(X)50 are (VL eliminated!

24,21,21,423g,1,2
1

2k
„k6Ak2116~42k2!…,$4%.

This point exists in the setU1øU0 only if k2>4. We ob-
serve that this point has both negative and positive eigen
ues and therefore this point will always be a saddlepoint. T
first five eigenvalues are associated with the variab
Vl ,S1 ,S2 ,Vp f , andN respectively. The eigenspace of th
remaining three eigenvalues spans the tangent space o
variablesVU ,C, andF. In theVL50 invariant set;

If 1<g,4/3 then this point has a 2 dimensional unstabl
manifold.

If 4/3,g<2 then this point has a 1 dimensional unstabl
manifold.

RSFII ; Bianchi type II radiation-scalar field scaling solu
tion @ 1

4 ,0,14 ,0,0,0,(7k2232)/8k2,22A6/3k,4/3k2#. At this
equilibrium point the deceleration parameterq51. The ei-
genvalues of the linearization restricted to the surfa
G(X)50 are (VL eliminated!
24,21,423g,$4%

2
1

4k2
„~2k2!6A~2k2!22~2k2!@~23k2264!6A~23k2264!2264k2~7k2232!#….
les

and
er,

e

e

This point exists in the setU1øU0 only if k2>32/7. The
first three eigenvalues are associated with the varia
Vl ,S2 , and Vp f respectively. The eigenspace of the r
maining five eigenvalues spans the tangent space of the
variablesS1 ,N,VU ,C, andF. This point is a saddle in the
full phase space. However, in the invariant setVL50;

If 1<g,4/3 then this point has a one dimensional u
stable manifold.

If 4/3,g,2 then this point is stable.

4. Perfect fluid models,¿V0,0

F0; Robertson-Walker perfect fluid solutio
@0,0,0,1,0,0,0,0,0#. At this equilibrium point the deceleratio
parameterq5 1

2 (3g22). The eigenvalues of the lineariza
tion restricted to the surfaceG(X)50 are (VL eliminated!
es
-
ve

-

23g,
3

2
~g22!,

3

2
~g22!,

3

2
~g22!,3g

24,
1

2
~3g22!,3g,$3g%.

The eigenvalues are associated with the variab
Vl ,S1 ,S2 ,C,VU ,N,Vp f andF respectively. We observe
that this point has both negative and positive eigenvalues
therefore, this point will always be a saddlepoint. Howev
in the invariant setVL50;

If 1<g,4/3 then this point has a 2 dimensional unstabl
manifold.

If 4/3,g,2 then this point has a 3 dimensional unstabl
manifold.

FII ; Bianchi type II perfect fluid solution@ 1
8 (3g
0-7
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22),0,18 A3(3g22)(22g), 3
16 (62g),0,0,0,0,0#. At this

equilibrium point the deceleration parameterq5 1
2 (3g22).

The eigenvalues of the linearization restricted to the surf
G(X)50 are (VL eliminated!

23g,3g24,
3

2
~g22!,

3

2
~g22!,3g,$3g%,

2
3

8
~2~22g!6A@2~22g!#212~22g!~g26!~3g22!!.

The first five eigenvalues are associated with the varia
Vl ,VU ,S2 ,C, andF respectively. The eigenspace of th
remaining three eigenvalues spans the tangent space o
three variablesS1 , N andVp f . We observe that this poin
has both negative and positive eigenvalues and therefore
point will always be a saddlepoint. However, in the invaria
setVL50;

If 1<g,4/3 then this point has a 1 dimensional unstabl
manifold.

If 4/3,g,2 then this point has a 2 dimensional unstabl
manifold.

5. Perfect fluid with a massless scalar field,¿V0,Á

There are no equilibrium points in the interior of this i
variant set.

6. Perfect fluid with a massive scalar field,¿V¿,Á

MSF0; Robertson-Walker matter-scalar field scaling so
tion @0,0,0,123g/k2,0,0,0,2A6g/2k,3g(22g)/2k2#. At
this equilibrium point the deceleration parameterq5 1

2 (3g
22). The eigenvalues of the linearization restricted to
surfaceG(X)50 are (VL eliminated!

23g,
3

2
~g22!,

3

2
~g22!,

1

2
~3g22!,3g24,$3g%,

3

4
~~g22!6A~g22!218g~g22!~123g/k2!!.

This point only exists in the physical phase space whenk2

>3g. The first five eigenvalues are associated with the v
ablesVl ,S1 ,S2 ,N,VU respectively. The eigenspace of th
remaining three eigenvalues spans the tangent space o
variablesVp f ,C, andF. We observe that this point has bo
negative and positive eigenvalues and therefore, this p
will always be a saddlepoint. However, in the invariant
VL50;

If 1<g,4/3 then this point has a 1 dimensional unstabl
manifold.

If 4/3,g,2 then this point has a 2 dimensional unstabl
manifold.

MSFII ; Bianchi type II matter-scalar field scaling solu

tion @ 1
8 (3g22),0,18 A3(3g22)(22g),123g/k21 1

16 (2
23g),0,0,0,2A6g/2k,3g(22g)/2k2#. At this equilibrium
08351
e

s

the

his
t

-

e
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the

nt
t

point the deceleration parameterq5 1
2 (3g22). The eigen-

values of the linearization restricted to the surfaceG(X)
50 are (VL eliminated!

23g,
3

2
~g22!,3g24,$3g%,

2
3

8 S A6AA21
1

2
A~B6AB21C! D

where

A52~22g!

B524gS 2g

k2
21D 13~22g!2

C564g~3g22!S 16g

k2
1g26D .

The first three eigenvalues are associated with the varia
Vl ,S2 andVU respectively. The eigenspace of the rema
ing five eigenvalues spans the tangent space of the varia
S1 ,N,Vp f ,C, andF. This point only exists in the physica
phase space when 123g/k21 1

16 (223g).0. We observe
that this point has both negative and positive eigenvalues
therefore, this point will always be a saddlepoint. Howev
in the invariant setVL50;

If 1<g,4/3 then this point is stable.
If 4/3,g,2 then this point has a 1 dimensional unstabl

manifold.

V. OBSERVATIONS

The early time behavior of the brane-world cosmolog
under consideration is no longer characterized by a Kas
type singularity. It is found that the initial singularity is rep
resented by the isotropic brane-world solution. It is also o
served that this initial singularity is very much dominated
the kinetic energy of the scalar field. It is worthy to note th
the Kasner solutions are not stable to the past in the bra
world scenario; however, they continue to have an unsta
manifold having a large dimension, and are indeed stabl
the past for general relativistic cosmologies.

It is no surprise that the de Sitter solution represents
late time behavior of any cosmology with a positive fo
dimensional cosmological constantL. The early time behav-
ior of any cosmology with a positive four dimensional co
mological constant is asymptotic to a regime with an equi
lent four dimensional cosmological constant equal to ze
That is, the early time behavior of cosmologies having
positive four-dimensional cosmological constantVL.0, can
be determined by investigating the behavior of the govern
dynamical system restricted to theVL50 invariant set.

We observe that the late time behavior in theVL50 in-
variant set is dependent upon the curvature of the mo
under consideration. For example, the late time behavio
the Bianchi type II cosmological models is one of four po
0-8
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TABLE I. Sinks and sources for the Bianchi type II models: Set represents the invariant set contain
basin of attraction or repulsion, and Dimension is the dimension of the basin of attraction.

Equilibrium Point Sink or Source Set Dimension Conditions

m Source VlÞ0 8 g.1
DS Sink VL5” 0 8
K Source Vl50,N1 7 S1,1/2,C,2A6/k

SF0 Sink VL50,N1 7 k2,2
SFII Sink VL50,N1 7 1<g,4/3,2,k2,16g/(62g) and

4/3<g,2,2,k2,32/7
MSFII Sink VL50,N1 7 1<g,4/3,k2.16g/(62g)
RSFII Sink VL50,N1 7 4/3,g,2, k2.32/7

RII Sink VL50,N1 7 4/3,g<2
RSF0 Sink VL50,N0 6 4/3,g<2,k2.4
SF0 Sink VL50,N0 6 1<g,4/3,k2,3g and

4/3,g<2,k2,4
MSF0 Sink VL50,N0 6 1<g,4/3,k2.3g

R0 Sink VL50,N0 6 4/3,g<2
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sible behaviors or solutions. Ifk2,2 then the isotropic
power-law inflationary solution is the stable attractor. Ifk2

.2 then the late time behavior is one in which the mod
fail to isotropize, and have either a scalar field source
combination of a scalar field and an ordinary matter sou
or a combination of a scalar field and a dark radiation sou
depending upon the values ofk andg. ~See Table I.! On the
other hand, the late time behavior of the Bianchi type I c
mological models is also one of four possible solutions
k2,2 then the isotropic power-law inflationary solution
the stable attractor. Ifk2.2 then the late time behavior i
one in which the models continue to isotropize, and ha
either a scalar field source, a combination of a scalar-fi
and ordinary matter source, or a combination of a scalar fi
and a dark radiation source depending upon the valuesk
andg. ~See Table I for summary details.!

For the most part, it becomes very obvious that the e
tence of the scalar field in these brane-world cosmolog
affects the initial dynamics when compared to the perf
fluid models studied in@12,13#. The scalar field also plays a
important role in the future dynamics of those models wit
zero cosmological constant, that is, the scalar field is a do
nant feature in the future dynamics of both the Bianchi ty
II models and the Bianchi type I models. Two solutions
particular interest, the radiation-scalar field scaling solutio
(RSFII ,RSF0) are shown to be stable for particular values
g and k. Since neither of these solutions exist in gene
relativistic cosmologies, and since both of these cosmolo
are due to bulk effects acting on the brane, we have
conclusion, that in general~contrary to popular belief!, these
brane-world scenario’s are not necessarily asymptotic to g
eral relativistic cosmologies to the future.

The qualitative analysis for the bifurcation valuesg51
and g54/3, and for the various values ofk has not been
completed. However, this analysis is not expected to y
any new observations. Additional numerical calculations
not reveal anything unexpected. See Figs. 1–5 for phase
traits. Note, the analysis presented here also does not ad
08351
s
a
e,
e

-
f

e
ld
ld
f

-
s
t

a
i-
e
f
s
f
l

es
e

n-

d
o
or-
ess

the case in which the local energy density due to nonlo
effects from the free gravitational field is negative,VU,0. If
VU,0, then these traditionally ever-expanding models co
potentially recollapse due to the negativity of this dark rad
tion. This analysis is presently under consideration in@32#.
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APPENDIX: EQUILIBRIUM POINTS IN THE VACUUM
INVARIANT SET

We define spherical coordinates as follows:

r̃25Vp f1C21F

tan2ũ5
F

C2
~A1!

cos2f̃5
Vp f

Vp f1C21F
.

The evolution equations for (r̃,ũ,f̃) are

r̃85 r̃S q112
3g

2
cos2f̃23 sin2f̃ cos2ũ D , ~A2!

ũ85sinũS 3 cosũ1
A6

2
kr̃ sinf̃ D , ~A3!
0-9
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FIG. 1. Numerical calculation of trajectories in the invariant setVL50 for g51, k51 andk52 illustrating typical qualitative behavio
of trajectories in the casesg51, k2,2 andg51, k2.2. Note thatg51 is a bifurcation value of the system~3.13!. In both cases illustrated
herek2,2 andk2.2 we observe that for early timesVl dominates~i.e., Vl→1) while the remainder of the variables approach zero.
late times the energy density due to the scalar field dominates whenk2,2 ~i.e., Vs f5C21F→1) and ifk2.2 then it is a combination of
energy densities coming from both the matter and the scalar field that dominates~i.e, Vs f1Vp f→1).
f̃85sinf̃ cosf̃S 3g

2
23 cos2ũ D ~A4!

where

q52S1
2 12S2

2 1
3g22

2
r̃2cos2f̃2VL1VU

1r2sin2f̃~2 cos2ũ2sin2ũ !1
3gl22

2
Vl
08351
and

gl52g cos2f̃214 sin2f̃ cos2ũ.

The constraint equation~4.1! becomes

r̃21VL1Vl1VU1S1
2 1S2

2 1N22150 ~A5!

and we have 0<ũ<p and 0<f̃<p/2 since bothF>0 and
Vp f>0.
0-10
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FIG. 2. Numerical calculation of trajectories in the invariant setVL50 for g57/6, k51 and k52 illustrating typical qualitative
behavior of trajectories in the cases 1,g,4/3, k2,2 and 1,g,4/3, k2.2. In both cases illustrated herek2,2 andk2.2 we observe that
for early timesVl dominates~i.e., Vl→1) while the remainder of the variables approach zero. For late times the energy density due
scalar field dominates whenk2,2 ~i.e., Vs f5C21F→1) and if k2.2 then it is a combination of energy densities coming from both
matter and the scalar field that dominates~i.e., Vs f1Vp f→1).
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If we defineY5( r̃,ũ,f̃,S1 ,S2 ,N,Vl ,VU) then we ob-
tain a new dynamical systemY85F̃(Y). Where the dynami-
cal equations forS1 ,S2 ,N,Vl ,VU are the same as those
Eq. ~3.13! with the change of variables~A1!, and VL is
given by solving Eq.~A5! for VL . Note, we indicate the
eigenvalue corresponding to theVL direction with brackets
$ %.

The geometrical interpretation of the analysis of this n
system requires some care, as each equilibrium point
08351
ill

have a number of different coordinatizations in this new c
ordinate system. The dynamics in the rectangular coordin
system (Vp f ,C,F) can be obtained by determining the d
namics along invariant rays or directions@the intersections of
invariant planes (ũ850) with invariant cones (f̃850)] in
the spherical coordinate system. We quickly observe h
that ũ5p/2, f̃5p/2 does not correspond to an invaria
direction of the dynamical systemY85F̃(Y).

dS; de Sitter
0-11
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FIG. 3. Numerical calculation of trajectories in the invariant setVL50 for g54/3, k51 and k52 illustrating typical qualitative
behavior of trajectories in the casesg54/3, k2,2 andg54/3, 2,k2<4. Note thatg54/3 is a bifurcation value of the system~3.13!. In
both cases illustrated herek2,2 and 2,k2<4 we observe that for early timesVl dominates~i.e., Vl→1) while the remainder of the
variables approach zero. For late times the energy density due to the scalar field dominates for both cases~i.e.,Vs f5C21F→1). However,
if 4 ,k2 then the energy density due to the dark radiation plays a dominant role~not shown!.
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es
The equilibrium point corresponding to the de Sitter so
tion in the original variables is represented by six differe
equilibrium points in the spherical coordinates defin
above: DS5@0,ũ,f̃,0,0,0,0,0# where ũ50,p/2,p and f̃
50,p/2. The eigenvalues23,23,21,24, have an eigens
pace spanned byS1 ,S2 ,N,VU . The eigenvalues associate
with the matter arelr̃523g/2, lVl

526g whenf̃50 and

lr̃523, lVl
5212 whenf̃5p/2 except at the point (ũ
08351
-
t
5p/2,f̃5p/2) where the eigenvalues arelr̃50, lVl

50.

The eigenvalues associated with the two angular coordin

are: lũ53 when (ũ50,p,f̃50,p/2) and lf̃523(2

2g)/2 when (ũ50,p,f̃50), and lf̃53(22g)/2 when

( ũ50,p,f̃5p/2); lũ523 when (ũ5p/2,f̃50,p/2) and

lf̃53g/2 when (ũ5p/2,f̃50), andlf̃523g/2 when (ũ

5p/2,f̃5p/2). The behavior of the angular coordinat
0-12
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FIG. 4. Numerical calculation of trajectories in the invariant setVL50 for g55/3, k51 and k52 illustrating typical qualitative
behavior of trajectories in the cases 4/3,g,2, k2,2 and 4/3,g,2, 2,k2<4. In both cases illustrated herek2,2 and 2,k2<4 we
observe that for early timesVl dominates~i.e.,Vl→1) while the remainder of the variables approach zero. For late times the energy d
due to the scalar field dominates in both cases~i.e., Vs f5C21F→1).
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f̃,ũ is illustrated in Fig. 6. We observe that all the eigenv
ues not associated with the angular coordinates are nega
therefore, this point is a local attractor. The dynamics in
f̃2 ũ plane indicate thatf̃→p/2 andũ→p/2 ast→`. This
implies that this equilibrium point is strongly attracting alon
this direction, that is, this equilibrium point strongly attrac
along theVp f5C50 direction in the original variables
This local analysis, together with the global analysis in S
IV B, implies that the de Sitter solution is a global attract
for a wide class of Bianchi type II, Bianchi type I, and ze
08351
-
ve,
e

.
r

curvature Robertson-Walker cosmological models with
cosmological constant.

m; Isotropic brane-world solution
The equilibrium pointm in the original variables is repre

sented by six different equilibrium points in the new va
ables, m5@0,ũ,f̃,0,0,0,1,0# where ũ50,p/2,p and f̃

50,p/2. For ũ50,p/2,p and f̃50 the eigenvalues assoc
ated with the nonangular coordinates are$6g%,3g/2,3(g
21),3(g21),3g21,2(3g22). Forũ50,p andf̃5p/2 the
eigenvalues associated with the nonangular coordinates
0-13
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$12%,3,3,3,5,8. Forũ5p/2 andf̃5p/2 the eigenvalues as
sociated with the nonangular coordinates are23,23,
21,0,$0%,24. The eigenvalues of the angular coordina
are the same as in de Sitter case above~see Fig. 6!. We
observe that this point is always a source forg.1 and
strongly repel away from theVp f5F50 direction. As mod-
els evolve backwards in time, it is the kinetic energy of t

FIG. 5. Numerical calculation of trajectories in the invariant s
VL50 for g55/3, k53 illustrating typical qualitative behavior o
trajectories in the case 4/3,g,2, k2.4. We observe that for early
timesVl dominates~i.e., Vl→1) while the remainder of the vari
ables approach zero. For late times, it is a combination of ene
densities coming from both the dark radiation and the scalar fi
that dominates~i.e, Vs f1VU→1).
08351
s

scalar field that is the dominant component of the total
ergy density. Forg51, numerical analysis reveals that th
point remains a source~see Fig. 1!.

R0; Robertson-Walker dark radiation solution
The equilibrium pointR0 in the original variables is rep

resented by six different equilibrium points in the new va
ables, R05@0,ũ,f̃,0,0,0,0,1# where ũ50,p/2,p and f̃
50,p/2. The eigenvalues21,21,1,$4% have an eigenspac
spanned byS1 ,S2 ,N,VU . The eigenvalues associated wi
the matter arelr̃5(423g)/2, lVl

5426g whenf̃50 and

lr̃521, lVl
528 when f̃5p/2 except at the point (ũ

5p/2,f̃5p/2) where the eigenvalues arelr̃52, lVl
54.

The eigenvalues of the angular coordinates are the same
de Sitter case above. We observe that the eigenvalues
associated with the angular coordinates are both positive
negative, therefore, this point is a saddle point. Ifg,4/3
then the point has a 3 dimensional unstable manifold in th
rectangular coordinate system.@Note: If g,4/3, then lr̃

5(423g)/2.0 along the invariant directionf̃50 but lr̃

521,0 along the invariant directionsũ50,f̃5p/2 and
ũ50,f̃5p/2.# If g.4/3, then the point has a 2 dimensional
unstable manifold.

RII ; Bianchi type II dark radiation solution
The equilibrium pointRII in the original variables is rep

resented by six different equilibrium points in the new va

ables,RII 5@0,ũ,f̃, 1
4 ,0,14 ,0,78 #. The eigenvalues21,21/2(1

6A6i ),$4% have an eigenspace spanned byS1 ,S2 ,N,VU .
The eigenvalues associated with the matter arelr̃5(4

t

y
ld

FIG. 6. Behavior of the equilibrium pointDSas projected in the

f̃-ũ plane. All other eigenvalues for the equilibrium pointDS are
negative and therefore each of the six equilibrium points is attr
ing in the remaining six coordinate directions. However, for t

equilibrium pointsm, R0 andRII the dynamics in thef̃-ũ plane is
the same as in theDS case, but the degree of stability in the oth
six coordinate directions differs as summarized in the text abov
0-14
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23g)/2, lVl
5426g when f̃50 andlr̃521, lVl

528

when f̃5p/2 except at the point (ũ5p/2,f̃5p/2) where
the eigenvalues arelr̃52, lVl

54. The eigenvalues of the
angular coordinates are the same as in de Sitter case abo
g,4/3 then the equilibrium point has a 2 dimensional un
stable manifold in the rectangular coordinate system. Ig
.4/3, then the equilibrium point has a one dimensional
stable manifold. We also observe that ifg.4/3 then this
point is a stable attractor in theVL50 invariant set.
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NUMERICAL CALCULATIONS

All numerical calculations were done usingMATLAB ’s or-
dinary differential equations~ODE! solvers. Not all of the
possible combinations of parametersg andk illustrating the
different qualitative behaviors are shown. In particular, it
the bifurcation valuesg51 andg54/3 that were of particu-
lar interest since it is difficult to obtain analytic results wi
regards to stability and behavior at these particular bifur
tion values.
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